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Abstract
We generalize an algebraic tool due to Alon et al. (J. Combin. Theory B 47 (1989) 153–161)
for the reconstruction of !nite objects to in!nite objects. We apply our result to the reconstruction
of in!nite sets of points in the space Rn with respect to two di4erent groups of automorphisms
of Rn. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction (of the tool)
Let G be a (possibly in!nite) group of automorphisms of a (possibly in!nite) set X .
The group G naturally acts on the power set of X and the orbit {g(Y )={g(y)|y∈Y} |
g∈G} of some set Y ⊆X will be denoted by G(Y ). Let R be a set of representatives
of these orbits. Two sets Y; Y ′⊆X will be called G-isomorphic if G(Y )=G(Y ′),
i.e. g(Y )=Y ′ for some g∈G. The stabilizer GY of some set Y⊆X is GY =
{g∈G|g(Y )=Y}.
For k¿1 and Y⊆X the k-deck of Y is de!ned as the mapping dY; k de!ned on R
such that for each r ∈R, dY; k(r) is the number of subsets of Y of cardinality k that
are G-isomorphic to r. Note that the k-deck of Y may take in!nite values, if Y has
in!nite cardinality.
The question whether some object is uniquely determined up to isomorphism by
some of its decks stems from two long-standing conjectures about !nite graphs, the
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reconstruction conjecture due to Kelly [4] and the edge-reconstruction conjecture due
to Harary [3]. For detailed information about these conjectures the reader may refer to
Bondy’s survey [2]. The general setting for reconstruction problems described above
was !rst given by Alon et al. [1].
Apart from the various combinatorial approaches to these conjectures, there have
been many results of a more algebraic Navour concerning the edge-reconstruction con-
jecture. A prominent example is the following main result of [1] which generalizes a
method pioneered by LovOasz [5] and extended by Nash-Williams [7].
Theorem 1.1 (Alon et al. [1, Theorem 2:1]). Let k be an integer. Let G be a group
of automorphisms of a set X. Let Y be a 7nite subset of X of cardinality |Y |¿k
which is not uniquely determined up to G-isomorphism by its k-deck. Let S be a
subset of Y of cardinality |S |6k with 7nite stabilizer |GS |¡∞.
Then there is a set T of cardinality |T |¿k +1 with S ⊆T ⊆Y and some ∈{0; 1}
such that for every set K with S ⊆K ⊆T and |K |=  (mod 2), there is a g∈G with
T ∩ g(Y )=K .
A drawback of Theorem 1.1 is that the set Y is assumed to be !nite. We will prove
a generalization of Theorem 1.1 that works for in!nite sets Y and apply it to sets of
points in Rn.
Whenever Y is !nite the k-deck of Y determines the l-deck of Y for all 16l6k.
This easily follows from the simple relation
dY; k−1(r) =
1
|Y | − (k − 1)
∑
r˜∈R
dY; k(r˜)dr˜; k−1(r)
for all r ∈R and k¿2. For in!nite sets this is no longer obvious. Hence, the assump-
tions that Y is ‘not uniquely determined up to G-isomorphism by its k-deck’ will be
replaced by the assumption that Y is not uniquely determined up to G-isomorphism by
several l-decks. Our result is the following.
Theorem 1.2. Let 16k˜6k be integers. Let G be a group of automorphisms of a
set X.
Let Y and Y ′ be (possibly in7nite) subsets of X of cardinality |Y |; |Y ′ |¿k that
are not G-isomorphic and such that dY; l=dY ′ ; l for all k˜6l6k. Let the k˜-deck of Y
take only 7nite values.
Let S be a (7nite) subset of Y of cardinality |S |= k˜ with 7nite stabilizer |GS |¡∞.
Then either
(i) there is a 7nite set T of cardinality |T |¿k+1 with S ⊆T ⊆Y and some ∈{0; 1}
such that for every set K with S ⊆K ⊆T and |K |=  (mod 2), there is a g∈G
with T ∩ g(Y )=K ,
or
(ii) dY;|A|(A)=dY ′ ;|A|(A) for all 7nite sets A with S ⊆A⊆Y .
Proof. The proof works along the lines of the proof of Theorem 1.1 in [1].
D. Rautenbach /Discrete Mathematics 250 (2002) 273–279 275
Since the k˜-deck of Y takes only !nite values, all l-decks of Y and Y ′ for l¿k˜ also
clearly take only !nite values.
Suppose !rst that |GA |=∞ for some !nite set A with S ⊆A. This implies that there
is some subset S ′ of A with
|{g ∈ G|g(S)=S ′}|=∞:
Since for all g; h∈{g∈G|g(S)= S ′}, h−1 ◦ g belongs to the stabilizer GS of S we
obtain a contradiction to |GS |¡∞. Hence, all !nite sets that contain S have a !nite
stabilizer.
For every !nite set A with S ⊆A let fY (A)= |{g∈G|A⊆ g(Y )}|. Note that
fY (A) = dY; |A|(A) · |GA|¡∞ (1)
and de!ne fY ′ similarly. Let f=fY − fY ′ .
If f(A)= 0 for every !nite set A with S ⊆A⊆Y , then we have
dY; |A|(A) =
fY (A)
|GA| =
fY ′(A)
|GA| = dY ′ ; |A|(A)
and conclusion (ii) holds.
Hence, we may assume now that T is a !nite set such that S ⊆T ⊆Y ,
f(T ) =0, and T is minimal with respect to containment. By (1), we have that
f(A)=fY (A) − fY ′(A)= 0 for all A with S ⊆A and |A |6k. This implies that
|T |¿k + 1.
For all sets S ⊆K ⊆T we obtain by inclusion–exclusion that
|{g ∈ G|T ∩ g(Y )=K}| =
∑
K′ :K⊆K′⊆T
(−1)|K′|−|K|fY (K ′)
and
|{g ∈ G|T ∩ g(Y ′)=K}| =
∑
K′ :K⊆K′⊆T
(−1)|K′|−|K|fY ′(K ′):
The minimality of T now implies that
|{g ∈ G|T ∩ g(Y )=K}| − |{g ∈ G|T ∩ g(Y ′)=K}|
=
∑
K′ :K⊆K′⊆T
(−1)|K′|−|K| · f(K ′) = (−1)|T |−|K| · f(T ):
Depending on the sign of f(T ) and the parity of |T | there is now some ∈{0; 1}
such that for every set K with S ⊆K ⊆T and |K |=  (mod 2), there is a g∈G with
T ∩ g(Y )=K and the proof is complete.
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Remark 1.3. It is obvious from the proof that Theorem 1.2 also holds if in the con-
clusions (i) and (ii) the conditions ‘T ⊆Y ’ and ‘A⊆Y ’ are deleted. For most of the
applications this second version in which conclusion (i) is slightly weaker and conclu-
sion (ii) is slightly stronger, will still be suRcient.
Roughly speaking, conclusion (ii) of Theorem 1.2 states that Y and Y ′ look more
or less the same for almost all !nite parts of Y . We believe that in many speci!c
situations it should be possible to avoid this somehow strange conclusion.
We will now derive Theorem 1.1 from Theorem 1.2.
Proof of Theorem 1.1. Since the set Y is not uniquely determined up to G-isomorphism
by its k-deck, there is some !nite set Y ′⊆X that is not G-isomorphic to Y such that
dY; k =dY ′ ; k . As noted above, if Y is !nite, then Y is not uniquely determined (up to
G-isomorphism) by its l-decks for all |S |6l6k if and only if Y is not uniquely de-
termined (up to G-isomorphism) by its k-deck. Furthermore, all decks of Y take only
!nite values and conclusion (ii) is impossible, since dY ′ ;|Y |(Y )=dY;|Y |(Y )= 1 implies
that Y and Y ′ are G-isomorphic. This completes the proof.
In order to apply Theorem 1.2 we will derive a corollary.
Corollary 1.4. Let 16k˜6k be integers. Let G be a group of automorphisms of a
set X. Let Y be a subset of X of cardinality |Y |¿k and let the k˜-deck of Y take
only 7nite values. Let S be a (7nite) subset of Y of cardinality |S |= k˜ with 7nite
stabilizer |GS |¡∞. Suppose
|{g(Y )|g ∈ G; S ⊆ g(Y )}|¡2k−k˜ :
Then either
(i) Y is uniquely determined up to G-isomorphism by its l-decks for all k˜6l6k
or
(ii) there is a set Y ′⊆X that is not G-isomorphic to Y such that dY; l=dY ′ ; l for all
k˜6l6k and dY;|A|(A)=dY ′ ;|A|(A) for all 7nite sets A with S ⊆A⊆Y .
Proof. If conclusion (i) does not hold, then there is a set Y ′⊆X that is not G-
isomorphic to Y such that dY; l=dY ′ ; l for all k˜6l6k. By Theorem 1.2, either con-
clusion (ii) holds or there is a !nite set T of cardinality |T |¿k + 1 with S ⊆T ⊆Y
and some ∈{0; 1} such that for every set K with S ⊆K ⊆T and |K |=  (mod 2),
there is a g∈G with T ∩ g(Y )=K . Hence T\S has at least 2k−k˜ di4erent intersections
with {g(Y )|g∈G; S ⊆ g(Y )} and we obtain a contradiction to the assumption. This
completes the proof.
If k˜, k, G, X , Y and S are as in Corollary 1.4, then
|{g(Y )|g ∈ G; S ⊆ g(Y )}|6|{g ∈ G|S ⊆ g(Y )}|
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and
|{g(Y )|g ∈ G; S ⊆ g(Y )}| =
∣∣∣∣∣∣
⋃
Z⊆Y
{g(Y )|g ∈ G; S = g(Z)}
∣∣∣∣∣∣
6
∑
Z⊆Y
|{g(Y )|g ∈ G; S = g(Z)}|6dY; k˜(S) · |GS |:
The last inequality follows, since {g(Y )|g∈G; S = g(Z)} |=0 if Z and S are not G-
isomorphic and {g∈G|S = g(Z)} |6|GS | for all Z ⊆Y .
Hence, if either |{g∈G|S ⊆ g(Y )} |¡2k−k˜ or dY; k˜(S) · |GS |¡2k−k˜ , then the condi-
tion in Corollary 1.4 is satis!ed. The two obvious weaker corollaries of Theorem 1.2
correspond to Corollary 2:5 in [1] and Theorem 2.2 in [6].
2. Application
Let n¿1 be an integer. We will apply the results of the last section to the problem
of reconstructing in!nite sets of points in Rn up to isomorphism with respect to two
di4erent groups of automorphisms of the space Rn. Remember that the decks are always
de!ned with respect to the group under consideration.
In our !rst example there exist combinatorial methods that yield stronger results. In
our second example the combinatorial approach that was successful in the !rst example
seems to fail. Hence, our two examples show that algebraic and combinatorial methods
seem to have both strong and weak points.
The !rst group we consider is the group Gn; t of translations of Rn, i.e. mappings of
the form
tx :Rn → Rn : y → y + x
for some x∈Rn. It is straightforward to see—using either combinatorial or algebraic
arguments—that any !nite set of points in Rn is uniquely determined up to translation
by its 3-deck (cf. also [8]). For in!nite sets Radcli4e and Scott [9] proved the following
result using combinatorial arguments.
Theorem 2.1 (Radcli4e and Scott [9]). Any set Y⊆Rn for which the 2-deck only
takes 7nite values is uniquely determined up to translation by its 2-deck and 3-deck.
From Corollary 1.4 we obtain the following result. Since the 1-deck of a set is !nite
if and only if the set is !nite, we can restrict ourselves to the case k˜¿2.
Theorem 2.2. Let k˜¿2 be some integer. Let Y⊆Rn be such that the k˜-deck of Y
only takes 7nite values. Let S be a subset of Y with |S |= k˜. Let
k=log2 dY; k˜(S)+ k˜ + 1:
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Then
(i) either Y is uniquely determined up to Gn; t-isomorphism, i.e. up to translation, by
its l-decks for all k˜6l6k
(ii) or there is a set Y ′⊆Rn that is not Gn; t-isomorphic to Y such that dY; l=dY ′ ; l
for all k˜6l6k and dY;|A|(A)=dY ′ ;|A|(A) for all 7nite sets A with S ⊆A⊆Y .
Proof. Clearly, every !nite set in Rn has a trivial stabilizer. Now
|{g(Y )|g ∈ Gn; t ; S ⊆ g(Y )}|6dY; k˜(S) · |(Gn; t)S | =dY; k˜(S):
Since dY; k˜(S)¡2
k−k˜ is equivalent to k¿log2 dY; k˜(S)+ k˜+1, the result follows from
Corollary 1.4.
Note that the case k˜ =2 of Theorem 2.2 is considerably weaker than Theorem 2.1.
In this speci!c example the combinatorial method seems to be superior to the alge-
braic method. In [10] the results of Radcli4e and Scott are generalized—again using
combinatorial arguments—to all k˜¿3.
The second group of automorphisms of Rn is a group Gn; t; r that is generated by
translations and speci!c rotations. For n=1 we consider
r :R → R : x → −x
to be the ‘speci!c rotation’. For n¿2, the group Gn; t; r is generated by translations and
rotations of the form
ri; j :Rn → Rn : (x1; x2; : : : ; xi; : : : ; xj; : : : ; xn) → (x1; x2; : : : ;−xj; : : : ; xi; : : : ; xn)
for some 16i; j6n with i = j. Our result is the following.
Theorem 2.3. Let k˜¿2 be some integer. Let Y⊆Rn be such that the k˜-deck of Y
only takes 7nite values. Let S be a subset of Y with |S |= k˜. Let
k =
{
log2(2dY; k˜(S))+ k˜ + 1 n = 1;
log2(dY; k˜(S)) + log2(n!)+ (n− 1) + k˜ + 1 n¿2:
Then,
(i) either Y is uniquely determined up to Gn; t; r-isomorphism by its l-decks for all
k˜6l6k
(ii) or there is a set Y ′⊆Rn that is not Gn; t; r-isomorphic to Y such that dY; l=dY ′ ; l
for all k˜6l6k and dY;|A|(A)=dY ′ ;|A|(A) for all 7nite sets A with S ⊆A⊆Y .
Proof. It is straightforward to check that
|(Gn; t; r)S |6
{
2 n=1;
2n−1 · n! n¿2
for every !nite set S in Rn. Now the proof proceeds as for Theorem 2.2.
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Radcli4e and Scott’s method from [9] seems to fail in this situation. Even for the
reconstruction of 7nite sets in Rn up to Gn; t; r-isomorphism algebraic methods seem to
be superior.
For the very special case of reconstructing !nite sets in n=2 dimensions up to
G2; t; r-isomorphism it is possible to improve upon the a result of Maynard in [6] that
easily follows from Theorem 1.1 using rather involved combinatorial arguments
(see [11]).
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